Spring 2012 
EE 330 
ENGINEERING ELECTROMAGNETICS 


HW 6: Due Friday 17 February (last HW before Exam #1) 
2.58, 3.48, 3.58, 4.18, 4.23, 4.24, 4.31, 4.43, 4.48, 4.54, 4.56, 4.61 
Problem 2.58 A lossless 100-Q transmission line 34 /8 in length is terminated in 
an unknown impedance. If the input impedance is Zin = —j2.5 Q, 
(a) Use the Smith chart to find Zz. 
(b) Verify your results using CD Module 2.6. 


Figure P2.58: Solution of Problem 2 58. 


Solution: Refer to Fig. P2.58. Zin = Zin/Z = —j2.5 2/100 Q = 0.0 — j0.025 which 
is at point Z-IN and is at 0.0044 on the wavelengths to load scale. 

(a) Point Z-LOAD is 0.3754 toward the load from the end of the line. Thus. on the 
wavelength to load scale, it is at 0.0044 + 0.3754 = 0.3794. 


ZL = zZo = (0 + j0.95) x 100 Q = j95 Q. 
(b) After setting d = 0.3754 in Module 2.6, the load point was moved over the 
circle to realize a value of z(d) ~ 0 — j0.025. The corresponding value of z; is: 
zp = 04 j0.95064, 


which gives 
Z = (04-95) n. 
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Problem 3.48 A vector field D — £^ exists in the region between two concentric 
cylindrical surfaces defined by r = 1 and r = 2, with both cylinders extending 
between z = 0 and z = 5. Verify the divergence theorem by evaluating: 

(a) fps 


(b) [y ve. 


Solution: 
(a) 


| D -ds = Finner + Fouter + Footom + Fop, 
2x p5 
Fan = [| [S (tr?)-(-trded6))|,_, 


= L L (r^ dzde)|, , = -10r 
Fons — |" fi, (6) Grdzdo)). 


- L L (r*dzde)|, , = 1607, 
Ram = |, (€P) Ctro dr), 9=0, 
Rọ = t È, (£r) - (2rde dr))|,_ 5 — 0. 


Therefore, ([D -ds = 1507. 
(b) From the back cover, V-D = (1/r)(2 /ar)(rr?) = 4r2. Therefore, 


ges NN E ((e^ ba) » g aid 


Problem 3.58 Find the Laplacian of the following scalar functions: 
(a) Tj = 10P sin26 
(b) Vy = (2/R?) cos6 sing 

Solution: 
(a) 
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Problem 4.18 Multiple charges at different locations are said to be in 

if the force acting on any one of them is identical in magnitude and direction to the 
force acting on any ofthe others. Suppose we have two negative charges, one located 
at the origin and carrying charge —9e, and the other located on the positive x-axis at 
a distance d from the first one and carrying charge —36e. Determine the location, 
polarity and magnitude of a third charge whose placement would bring the entire 


Solution: If 
9; 7-9e Q3 Q;7-36e 
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Figure P4.18: Three collinear charges. 
F, = force on Qj, 
F = force on Q». 
F; = force on Q3, 
then equilibrium means that 
Fi = Fi =F. 


The third charge has to be positive and has to lie somewhere between them in order 
to counteract their repulsion force. The forces acting on charges Q1, Qh, and Qs are 
Tespectively 
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Solution of the above equations yields 
Q3 = 4e, z=$- 


Problem 4.23 Repeat Problem 4.22 for D = iy°2 (Cir). 
Solution: 2 

(a) From Eq. (426), py = V.D = ——(x?2) = 2. 

(b) Total charge Q is given by Eq. (427) 


o= [ v- Dd» -[ A [P roe cH 


(c) Using Gauss” law we have 
JD ds = Fes + Finck + Fag + Fien + Fup Fons 


Note that D = &D;, so only Ffon and Fax (integration over Z surfaces) will contribute 
to the integral. 


2p. E 
Fa f | adas 
2 AP 

or on QOL 


Ra = [^ [^ (m9) NE a QU da- o. 


2p 
-32C. 


z-0 


Thus Q = fd-ds= 3240+0404040=32C. 


Problem 4.24 Charge Qi is uniformly distributed over a thin spherical shell of 
radius a, and charge Q^ is uniformly distributed over a second spherical shell of 
radius b, with b > a. Apply Gauss's law to find E in the regions R < a, a < R < b, 
and R > b. 


Solution: Using symmetry considerations, we know D = Dr. From Table 3.1, 
ds — RR? sin6 dé do for an element of a spherical surface. Using Gauss's law in 
integral form (Eq. (4.29)), 

D ds = One 


where Qy is the total charge enclosed in S. For a spherical surface of radius R, 


È, f (RDx)- (RE sine do do) = Ore, 


DRR? (2x.)|- cos6]B = Que. 
— Qw 
Digg 
From Eq. (4.15), we know a linear, isotropic material has the constitutive relationship 
D = cE. Thus, we find E from D. 
(a) In the region R < a, 


à RO 
Qu=0, E-REg-i79-0 (Vim. 
(b) In the region a < R < b, 


H gr, P2 
Qw = Qi. E= RER = RE (Vim). 
(c) In the region R > b, 


Qu =Or+0r,  E-RE- SATO) (um) 


Problem 4.31 The circular disk of radius a shown in Fig. 4-7 has uniform charge 
density p; across its surface. 
(a) Obtain an expression for the electric potential V at a point P = (0,0,z) on the 
z-axis. 
(b) Use your result to find E and then evaluate it for z — h. Compare your final 
expression with (4.24), which was obtained on the basis of Coulomb’s law. 
Solution: 


Figure P4.31: Circular disk of charge. 


(a) Consider a ring of charge at a radial distance r. The charge contained in 
width dr is 


dq = p.(2nr dr) = 2x py dr. 


The potential at P is 
dq. 2npir dr 
Fn Grae +>) 
The potential due to the entire disk is 
r rdr aa Ps AA ; 
y- [o-£ wem =£ +2) - [e z]. 
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The expression for E reduces to Eq. 20 wens =k 


Problem 4.43 ee eee ee 
of 4 V between its ends. If the density of the current flowing through it is 1.4 x 1 
(A/m?), identify the material of the conductor. 


Solution: We know that conductivity characterizes a material: 

= pm fi — 7 
J=oE, 14x 108 Aim) =o (3925): o=3.5x10" (Sim). 
From Table B-2, we find that aluminum has ø = 3.5 x 10 (S/m). 


Problem 4.48 With reference to Fig. 4-19, find E: if E2 = 33 — f2 +22 (V/m), 
£1 = 29, a wee ee vinim 
ps —3.54 x 107 “th (Ca) What angle does E; make with the z-axis? 

Solution: We know that Ej; = Ex for any 2 media. Hence, Ep = Ex = $3 — $2. 
Also, (Di — D2) - 1 = ps (from Table 4.3). Hence, £1 (E1 - 8) — £2(E2 - 8) = ps, which 
gives 


 pereEx 354x103 18(2) — 354x107 
AT."  » '2I -XuBipami- a (va. 
Hence, E; = $3 — 32 + 220 (V/m). Finding the angle E; makes with the z-axis: 


Ej.i-|Ejcos0, 2— /91414cos8, o= cos (Fa) - er. 


Problem 4.54 An electron with charge Qe = —1.6 x 10? C and mass 
me —9.1 x 1031 Kaci dejar ata uil aput to ply Chaagpeliphade i 
the region between the plates of an air-filled parallel-plate capacitor with separation 
of 1 cm and rectangular plates each 10 cm” in area (Fig. P4.54). If the voltage across 
the capacitor is 10 V. find the following: 

(a) The force acting on the electron. 

(b) The acceleration of the electron. 


(c) The time it takes the electron to reach the positively charged plate, assuming 
that it starts from rest. 


adis 


Vo 10 V 


Figure P4.54: Electron between charged plates of 
Problem 4.54. 


Solution: 

(a) The electric force acting on a charge Qe is given by Eq. (4.14) and the electric 
ee DC (4.112). Combining these two relations, we have 
F-g£ -g - 16x10 995 — 16x10. 0). 

The force is directed from the negatively charged plate towards the positively charged 
plate. 

(b) cie 

-E 16x 0176x104 Que). 

(c) The electron does not get fast enough at the end of its short trip for relativity to 
SSS PÁ— From classical 
mechanics, d — dy +-ugt + har’, where in the present case the start position is dy = 0, 
the total distance traveled is d = 1 cm, the initial velocity up = 0, and the acceleration 
is given by part (b). Solving for the time t, 


_ fd [23x00 9. 
(JT - rex ion = 10-7 x10 s—107 (ns. 


Problem 4.56 Figure P4.56(a) depicts a capacitor consisting of two parallel, 
conducting plates separated by a distance d. The space between the plates contains 
two adjacent dielectrics, one with permittivity c; and surface area £; and another 
with £2 and 42. The objective of this problem is to show that the capacitance C of the 
configuration shown in Fig. P4.56(a) is equivalent to two capacitances in parallel. as 
illustrated in Fig. P4.56(b), with 


C=Q4GQ (19) 
where 
. £141 
G= eo 
c - 55 QD 
To this end, proceed as follows: 


(a) Find the electric fields E; and E} in the two dielectric layers. 

(b) Calculate the energy stored in each section and use the result to calculate Cj 
and C). 

(c) Use the total energy stored in the capacitor to obtain an expression for C. Show 
that (19) is indeed a valid result. 


I—4— 


(b) 


Figure P4.56: (a) Capacitor with parallel dielectric 
section, and (b) equivalent circuit. 


Solution: 


© 


Figure P4.56: (c) Electric field inside of capacitor. 
(a) Within each dielectric section, E will point from the plate with positive voltage 
to the plate with negative voltage, as shown in Fig. P4-56(c). From V = Ed, 
V 


E -Eh-3. 


(b) 
E X 3*5... Y di 
We, = zE = 781 gr Aid = year "E 
But, from Eq. (4.121), 


m, -lap. 


2 
A. A 
Hence C; = 5. Similarly, Ci 9. 
(c) Total energy is 


17? 1 
We = We, + We, = 53, (ei +£14)) = 30. 


y 
c= 94,89 o, 


Problem 4.61 With reference to Fig. P4.61, charge Q is located at a distance d 
above a grounded half-plane located in the x-y plane and at a distance d from another 
grounded half-plane in the x-z plane. Use the image method to 
(a) Establish the magnitudes, polarities, and locations of the images of charge 0 
with respect to each of the two ground planes (as if each is infinite in extent). 
(b) Find the electric potential and electric field at an arbitrary point P = (0.y,z). 
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Figure P4.61: Charge Q next to two perpendicular, 
grounded, conducting half-planes. 


Solution: 


Figure P4.61: (a) Image charges. 

(a) The original charge has magnitude and polarity + at location (0,d,d). Since 
the negative y-axis is shielded from the region of interest, there might as well be a 
conducting half-plane extending in the —y direction as well as the +y direction. This 
ground plane gives rise to an image charge of magnitude and polarity — Q at location 
(0,d,—d). In addition, since charges exist on the conducting half plane in the +z 
direction, an image of this conducting half plane also appears in the —z direction. 

This ground plane in the x-z plane gives rise to the image charges of — Q at (0, —d.d) 
and 4-Q at (0, —d, —d). 
(b) Using Eq. (4.47) with N — 4, 
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From Eq. (4.51), 
E=-W 
& (pe a 
E| yxe6-dyeG-dy esta s (z-d) 
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